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One of the greatest diculties of teaching rst year university mathematics is the diversity
of backgrounds with which students enter. An important source of this diversity is the level
to which students have mastered various basic concepts. A large proportion of students
have mathematical misconceptions, which, unless something is done, persist. Eliminating
these misconceptions is therefore crucial. A strategy based on Piaget's notion of cognitive
con ict has successfully reduced the frequency of mathematical misconceptions exhibited
by very bright tertiary students and that improvement persisted over time. This study
investigates the e ects of this method on average rst year university students.

Introduction
Teaching rst year university mathematics is associated with many diculties, amongst which
the diversity of backgrounds of entering students is one of the greatest. This diculty arises
largely due to the variability of levels to which students have mastered basic concepts. A
surprisingly large proportion of students have mathematical misconceptions, which tend to
persist if no action is taken. Several writers ([1]; [2]; [3]; [4]; [5]; [6]) have studied various
aspects of mathematical misconceptions including their variety, frequencies, importance to
future learning, and ways to reduce them. Swedosh ([6]) discussed the types, frequencies, and
possible reasons for misconceptions exhibited by mathematics students at the University of
Melbourne (U. of M.) and LaTrobe University (LaTrobe).
Success at a particular level depends heavily on previous mastery of basic concepts and also on
being able to con dently use certain skills ([6]). The preparedness of students to study tertiary
mathematics is determined, largely, by the level of understanding of some basic mathematical
concepts which are acquired in secondary school ([6]).
Government bodies have recognised the need for a sound preparation for further studies ([7];
[8]; [9]). In A National Statement on Mathematics for Australian Schools ([9]), a major goal
is that "as a result of learning mathematics in school, all students should possess sucient
command of mathematical expressions, representations and technology to continue to learn
mathematics independently and collaboratively" (p. 18).
Blyth and Calegari ([10]) stated that \contrary to a widely held belief, 90% of all HSC students
do apply for tertiary entrance. It is reasonable to infer from this that most students see HSC
as a preparation for tertiary studies" (p.312), and, \statistics collected by the Mathematical
Association of Victoria show that 75% of all tertiary courses require a pass in HSC mathematics" (p. 312). These statements con rm that students' preparedness to undertake tertiary
mathematics is a signi cant issue and though they were made some years ago, there is plenty
of anecdotal evidence to suggest that this situation has not changed dramatically.
Various attempts have been made to eliminate misconceptions. Several authors have found the
\con ict teaching approach", based on Piaget's notion of cognitive con ict, to be e ective in
successfully resolving misconceptions relating to aspects of mathematics and physics ([13]; [14];
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[15]; [16]). Inconsistencies in the learner's thinking are discussed so that the learner realises that
the conceptions exhibited were inadequate or faulty and needed modi cation ([11]). Vinner
([12]) supports this premise and states that \there is no doubt that if inconsistencies in the
students' thinking are drawn to their attention, it will help some of them to resolve some
inconsistencies in a desirable way" (p. 97).
Swedosh and Clark ([16]) found that the strategy greatly reduced the frequency of mathematical
misconceptions in a rst year university mathematics class which comprised very bright and
mathematically strong students (as indicated by their Year 12 scores).
It is clear that by rst challenging or undermining the misconception held by the
students by showing the ridiculous outcomes which can ow from such 'rules', and
then replacing the 'damaged' concept with the correct one, mathematical misconceptions can be, to a great extent, eliminated (p. 498).
The questions which remained were whether the improvement would persist, and whether the
method would be e ective with less able students. On the rst of these questions:
The results show that while a small proportion of the improvement diminished,
a large improvement was still evident one year later and most of the bene t to
students had been retained ([17], p. 595).
The aim in this study is to clarify whether the e ect of the con ict teaching approach is
generalisable in terms of students of di erent ability levels. Having established that this strategy
is extremely e ective with very able students, and that most of the bene t persists over time,
it is important to learn whether the strategy is successful with average students.

Methodology
An experiment was devised in which there was a treatment group who were to be subjected to
the con ict teaching approach and a control group who were not. Both groups were comprised
of students who, in Semester 1, 1998, were studying Introductory Mathematics which is the
easiest rst year mathematics subject o ered at the U. of M. The lecturers of both groups had
consistently received high ratings for their teaching from their students.
To avoid distortion by inherent di erences between the groups, it was important that students'
backgrounds be comparable. The students reported on herein, sat both tests, had completed
Mathematics Methods 3/4 but not Specialist Mathematics as part of their Victorian Certi cate
of Education in 1997 and enrolled at the U. of M. in 1998. There were 90 students in this
category in the treatment group and 50 in the control group. Students who did not t this
category have been excluded from this study. An analysis was performed on the Year 12 results
of the two groups and there was little di erence.
Both groups sat the same tests at the same times. The objective was to control extraneous
in uences so that the e ect of the teacher (as much as is practicable), the e ect of being taught
the material, and the e ect of the testing were the same for each group, so that if a signi cant
di erence was found between the performances of students in the two groups, any di erence in
the improvement of the two groups could be attributed to the treatment.
The nine questions on the test were a subset of the seventeen questions used in Swedosh and
Clark ([16]). These questions were at an appropriate level for these students. The earlier
seventeen questions were similar to those in earlier tests at the U. of M. and at LaTrobe ([18])
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which had previously had a high frequency of misconceptions exhibited by students ([6]). Some
questions were similar to those provided in 'Algebraic Atrocities' ([4], p. 41). The test questions
were designed so that if a student had a particular misconception, this fact would be apparent
when the response of the student to that question was considered.
Both groups sat Test 1 in mid-March. Students were given ten minutes to complete the test
which was ample time and did not impinge too greatly on the lecturer's time. Every test was
examined and a record was kept of how many students attempted each question, answered
correctly, exhibited a misconception, and had given another wrong answer.
The concepts used in Questions 2 to 7 were met incidentally by both classes but neither came
across anything relevant to Questions 1, 8 or 9. Questions 2 to 7 therefore become the focus of
this study. For these questions, both groups were taught the necessary concepts as they arose.
Additionally, the treatment group was taught using the con ict teaching approach and was
shown the absurdities which would arise if the 'rule' was used incorrectly. The fact that the
approach was integrated into the regular teaching programme and was taught incrementally,
avoids the Hawthorne e ect and is educationally sound. The misconceptions exhibited were
speci cally targeted for treatment. The rationale is that having seen that the concept, when
used in that way, leads to a silly conclusion, the student will avoid that misconception and be
more likely to use the correct concept. Neither group met concepts relating to Questions 1, 8
or 9 and so these served as another control. It is possible that exposure to other mathematics
could indirectly cause some improvement, but the absence of instruction should mean that any
improvement of the groups should be comparable.
About nine weeks after Test 1, students were tested again using the same test as previously.
Students were unaware that there would be a second test and therefore would not attempt
to prepare for it which would potentially a ect the results of Test 2. Again the tests were
examined and a record kept. A statistical comparison was then able to be made between the
frequency of the misconceptions on each question in Test 1 and Test 2 for each group.
After the second test, the two students with the greatest improvement were interviewed about
their performance. This will be discussed in the results section of this paper.

The Test
The nine questions in the test are shown below. The most common misconception(s) are shown
to the right of each question :
Simplify expressions 1-3 as fully as possible.
1.
2. 3x  3x
9 x;
3. 2x + 2x
Solve for equations 4-7:
4. = 81
5. , 4 = 0
6. =
7. x , b = a
=
8. Solve for : 2 + 4 5 + 10
,2;
9. Factorise (2 + ) ,
3 +4
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The Teaching Strategy
The con ict teaching approach was used on the treatment group for concepts required in the
focus questions. By demonstrating that the misconception led to a ridiculous conclusion, it was
anticipated (based on [16]) that students having that conception would discard it and replace
it with the correct concept thereby reducing the frequency of misconceptions.
Most examples used to show an absurdity were numerical for ease of demonstrating the inconsistency. Examples di ered from the test (numbers changed slightly) so that students would
not be able to answer later by remembering. Some examples used to demonstrate either the
correct concept or the absurdity caused by the damaged concept are shown below.
2  2 = 8  8 = 64 = 2 = 4 ; 2  2 6= 2 ; 2  2 6= 4 ; 2  2 6= 4
2 + 2 = 8 + 8 = 16 ; 4 = 4  4  4 = 64 6= 16
= 16 , 16 = 0 ( , 4)( + 4) = 0
2 + 3 = 5 ; + 6= or + = ; 4 + 4 6= 2
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Results
To determine whether the proportion of misconceptions made by the treatment group and
the control group were signi cantly di erent, 95% con dence intervals were calculated for the
di erences in the population proportions of misconceptions between the two groups for the
focus questions. If this interval includes zero, the di erence is not signi cant. The formula
used is
s
,  1 96 (1 , ) + (1 , )
p1

p2

:

p1

p1

n1

p2

p2

n2

where i is the proportion of misconceptions exhibited by group and i is the number of
subjects in group . This test was also used on the three 'non-focus' questions, and no di erences
were signi cant.
The results from Test 1 were very similar: an average of 1.68 correct for the control group
compared with 1.72 for the treatment group, 3.02 misconceptions compared with 3.11, and so
on. No di erences were signi cant for the total or for any question. Interestingly, the average
frequency of 'other wrong answers' (not speci cally targeted) was similar for both groups and
showed little change from before treatment to after for most questions.
The results of Test 2 show a signi cant di erence between the two groups for the overall
proportions of misconceptions exhibited. The proportion for the control group dropped from
54.3% to 48.4% from Test 1 to Test 2 whereas the treatment group dropped from 55.3% to
31.3%. The proportion of correct answers given by the treatment group relative to the control
group shows a corresponding increase. All questions except Question 6 show an appreciable
di erence and the di erences were signi cant for Questions 2, 3 and 5.
The two students from the treatment group who had made the greatest improvement from
the rst test to the second were invited to an interview to discuss their performance. They
were interviewed separately and both o ered similar explanations for their improvement. Each
stated, without prompting, that there were occasions in the second test when they were about
to write an answer, but realised that using the method which they had would lead to a silly
answer. Both mentioned that they had come to this decision by remembering what they had
been shown in class in terms of the 'silliness' which could result from some strategies, and by
substituting in numbers to see whether the answer was reasonable. The need for an alternate
p
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method was then considered and they remembered the correct one.

Conclusion
The aim of this study was to attempt to diminish the level of diversity of students by reducing
the frequency of misconceptions exhibited by average students using a teaching strategy based
on the notion of cognitive con ict. This strategy had been found to be e ective with able
students and the bene t had persisted. Clearly, this strategy would be far more useful if it
could be established that it can be successfully employed when dealing with students of diverse
ability and background levels.
The results of the experiment provide strong evidence that the con ict teaching strategy can
be successfully employed to signi cantly decrease the frequency of misconceptions exhibited by
average students. The misconceptions speci cally targeted were decreased for the treatment
group by a signi cantly greater amount than for the control group, whereas the 'other wrong
answers' (which were not speci cally targeted) were not, and neither was the frequency of misconceptions on the three 'non-focus' questions. Incorporating this strategy into one's teaching
has major bene ts in that it is extremely simple to implement, it is likely that fewer students will have these misconceptions, and, as a result, many will directly improve their chances
of being successful in their future mathematical studies. The use of this strategy, especially
with regard to the concepts herein, is particularly applicable to middle and senior secondary
mathematics as well as to beginning tertiary mathematics.
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